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The object of this paper is to prove the existence of a primitive quadratic of trace 
1 over GF(p”). That is to say an irreducible quadratic x2-x + g, ge GF(p”), 
whose roots are primite elements in GF(p’“). This solves Conjecture D, proposed 
by Golomb in (J. Combin. Theory Ser. A 37 (1984), 13-21). 0 1989 Academic Press, 1~. 
INTRODUCTION 
In [2] S. Golomb proposes his Conjecture D, which he uses to introduce 
a major construction for Costas arrays. Conjecture D asserts the existence 
of a primitive quadratic of trace 1 over any finite field GF(p”). The object 
of this paper is to provide a proof for Golomb’s Conjecture D. 
This paper has 3 sections. In Section 1 using Vinogradov’s methods, also 
to be seen in [ 1, 31 we prove that if GF(p”) is a finite field for which 
Conjecture D does not hold then a certain inequality involving p” is 
satisfied. That is to say the finite fields problem is reduced to an arithmetic 
one. 
In Section 2 we use the same methods as those introduced by L. Carlitz 
in [l] to prove that the inequality of Section 1 does not hold for p” 
suffkiently large. In other words, Conjecture D is asymptotically true. 
In Section 3 we finish the proof of Conjecture D; for this we use a com- 
puter. An outline of how the computer was used is given in this section. 
1 
We will use a similar method of proof as in [l ,3], where we saw that in 
GF(p”“) if a set E does not contain a primitive element then 
0097-3165189 $3.00 
Copyright 0 1989 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
PRIMITIVE QUADRATIC OF TRACE 1 105 
where xa runs through the Q(8) characters of GF(p*“) which have the exact 
order S. Also as in [ 1, 31 we take absolute value and, since the con- 
tribution of 6 = 1 is (E(, we have 
Our proof will consist of chasing E conveniently, computing 
lCgaE x&)I, and obtaining a contradiction upon substituting in the above 
inequality thereby proving the existence of a primitive element in E. 
For any CI E GF(pl”), consider E, = (x: xPm + x - LX = 0). It is easy to see 
that 01/2 E Ek (assuming p 22)’ and otherwise E, contains precisely the 
elements of GF(p2”) that are the roots of some irreducible quadratic 
x2 - ax -t g over GF(p”). Therefore it is enough to prove the existence of a 
primitive element in E, ; that is to say we will chose E = E, and this will 
prove our main result, the existence of a primitive quadratic of trace 1. 
We will compute IC,,E,x(t)l in the following lemmas, where g(x) - 
LGF(p~) x(t) 4Tr(t) is the Gaussian sum for the character x. 
LEMMA 1. I~rPE.X(f)/=~ifXpm+l#l andcl#O. 
Proof. It is easy to see that GF(p*“) = UaEGF(pm) E, is a disjoint 
union. Let us now denote Tr’(t) for the trace over GF(p”) (already we 
denoted Tr(t) for the trace over GF(p2”), and g’(x) the Gauss sum over 
GF(p”). It is also easy to see that if x E E, Tr(x) = Tr’(cl). Then 
g(x) = CtsoF(p~m) sTr(‘) =CcrEGFcprn) CtsE, x(t) CjTr’(‘). But notice that E, = 
(KY : x E E, > if CI # 0 and therefore if we exclude CI = 0 the above double sum 
is equal to 
c c x(at) §Tr’(a) = c X(f) c x(a) sTr(@= c x(t) g’(x). 
aeGF(p”) feE, fS?E, =EGF(P”Y iGE‘ 
a#0 
If we prove that C,, E,, 2 (t) = 0 then we will have g(x) = (ClaE, x(t)) g’(x); 
but to do that, notice that if x E E,, for x #0 then xp”-’ + I= 0. 
Consider x*(~-‘)+ 1 = (xpm-’ + l)(xPmP1 - 1) and if we call E’= 
(x:~~(~~-‘)-l=O}, notice that C,,Eg~(t)+CtcGF(pm)~(t)=CIEE,(~(t). 
Clearly it will be sufficient to prove CfEEI x(t) = 0, using that 
CtscFcpm) x(t) =O. But since E’ is closed under multiplication, the usual 
argument will give us this: take a E E’ such that x(a) # 1, we can always 
find such aeGF(pm), since xp”“+‘#l. Now if CIEE’x(t)=L then 
x(a) Cl, E’ x (t) = C,, E, x(t) = L, and therefore. 
L(1 --x(a))=0 and L=O. 
’ The case p = 2 will be examined later. 
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Now if we take absolute values in g(x) = (CfsE1 x(t)) g’(x) and we use that 
x # 1 in GF(p’“) and that the character x induces in GF(p”) is also # 1 
(since xpm+’ # l), then we obtain 
I I 
c (t) = 1 g(x)1 pm =fi -=- 
ZEEl Ig’(x)l fi * 
We will now consider the case xpm t ’ = 1. 
LEMMA 2. If xp”+l = 1 then C,, Eb x(t) = 1 or - 1 correspondingly when 
pm+ 1)/2 -# 1 or pm+ 1112 = 1. 
ProoJ: Using the same argument as in Lemma 1 we can see that 0 = 
Ctew(p) x(t) = CLEm(pm) x(~))(CtEE, x(t)) +CleE,, x(t) and as we saw 
CIEE,X(t)=CIEEgX(t)+C teGFCpmj x(t). Now observe that xp”+ ’ - 1 = 
(pm+ 1u2 + l)(p"+ 1)/Z - 1) and, seeing the way E’ was defined and with a 
similar argument as in the last part of Lemma 1, we obtain CrsE, x(t) = 0 if 
$6”+1)‘2 # 1. Also it is easy to see that CIEEl x(t) = 2(1- 1) if ~(~“‘+l)‘~ = 1, 
where I = p” (since in that case x(t) = 1 for every t E E’). Therefore, sub- 
stituting in the above equalities will give us C,, E,, x(t) = -(I-- 1) or 
CtSEO~(t)=l-l; and CfPEl~(t)=l or CteE,x(t)= -1 correspondingly if 
pm+ 1)/Z # 1 or pm+ 1)/2 = 1. 
We are ready for the main result of this section: 
THEOREM 1. If there is no primitive quadratic of trace tl # 0 over a finite 
field GF( p”) then 2” - 2”’ 3 (p” + 1 )I@, where s, s’ are the number of dif- 
ferent prime factors in the respective decompositions of p2m 7 1 and pm + 1. 
ProoJ: If we consider the formula at the beginning of the section with 
E = El, then it clearly must be the same as 
61pZm-1 61p”+l 
S[p”+ 1 
pm+1 
“1, 
+c $$ c 1 xs(§) = -P”. 
x6 BEE1 
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Since the last two summations on the right side have the inner sum 
constant using Lemma 2 their value must be 
pm+1 
61p”+l 612 
pm+1 
612 d#l. 
Let us denote this x1 -x2. It is well known that C1 c x2 = - 1 and 
:z ib=l Therefore C1 - C2 = 1 and, substituting in our above formula, 
Using Lemma 1 and taking absolute value we have 
61p2”-l 
Sip”+l. 
Again it is well known that 
c IP(Ql +c IP(J)I =2”-- * 
6(p2”-1 61p”+l 
6tp”+l 621. 
and that 
1 Ip(S)( = 2”’ - 1 
6(p”+l 
62 1, 
582a/51/1-8 
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where s, S’ are as in the statement of the theorem and this finishes our 
proof. 
Remark. To give a proof for the case p = 2 is actually simpler. In that 
case EO = FG( p”) and the proof of Lemma 1 is then very easy. In Lemma 2 
we will have that the sum is always - 1. We use the formula at the begin- 
ning of the proof, and also what EO is, and that the character acts as the 
identity. Then if we call Z: the sum we are computing, we obtain: 
O=(pY1)(Z+ 1) and we obtain Z= -1. 
For the proof of Theorem 1 the argument is similar and the conclusion is 
the same as that of the theorem, for p # 2. 
2 
In this section we will prove that the arithmetic inequality of the last 
section cannot hold asymptotically. 
Let s be as in last section and let R1, RZ, . . . . R, be the list of the smallest 
s distinct primes. Let Q, = C;= I In Ri + 2 In 2. Then we have the following 
lemma. 
LEMMA 3. If p” is such that 2” > pmj2 then Q, < 4s In 2, where p # 2. 
ProoJ Since p2” - 1 has a distinct primes in its decomposition and 8 is 
a factor of p2” - 1 it is clear that QS < ln(p’” - 1) < 2m In p. Also since 
2” > pm/= we have s In 2 > (m/2) In p and 4s In p > Q,. 
s Q. s QS 
1 20.79 9 20.609 
2 3.178 10 23.976 
3 4.787 11 27.410 
4 6.733 12 31.021 
5 9.131 13 34.735 
6 11.696 14 38.496 
7 14.529 15 42.346 
8 17.474 16 46.316 
We are ready to give our asymptotic result. 
THEOREM 2. If there is no primitive quadratic of trace 1 over afinite field 
GF(p”) then pm < 228 (p # 2). 
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Proof. Note that if the inequality Qk>4k In 2 holds for any k,,>6 
then it holds for any k 3 k, since then In R,,, 1 2 4 In 2 and we can use 
induction. 
If there is no primitive quadratic in GF( p”) then from Theorem 1 
2” > pm’2 and from Lemma 3, Q, < 4s In 2. 
Now if we compute 4kln 2 for k= 14 and 15 we obtain 38.81 and 41.58, 
respectively, and comparing with Qk we see that Qk k 4k In 2 holds for 15 
and therefore for k > 15. If there is no primitive quadratic for p” then 
s < 14. If s = 14 then p” < 228 and also if s -C 14 and this proves the theorem. 
Remark. If p = 2 then we cannot assume 8 is a factor of p2” - 1 and 
therefore we must substract 1.386 from Qk; s= 15 is possible and the 
conclusion is p” < 230 in Theorem 2 for the case p = 2. 
3 
In this section we use the computer to finish the proof of the existence of 
a primitive quadratic of trace 1 (Table I). This is done in two steps: 
Step 1. We find all p and m such that pm will satisfy the inequality of 
Theorem 1. 
Step 2. For those exceptional p, m, we explicitly find a primitive 
quadratic of trace 1 in GF(p”) and thereby we finish our proof. 
Remark. Notice that we have actually proven the existence of a 
primitive quadratic of trace any CI # 0, and at the conclusion of Step 1 this 
will hold with the exceptions we find there. Step 2 has order 2pm steps 
whenever the element is primitive in comparison to fi in Step 1. Step 1 is 
done in two ways: 
(A) A straightforward search up to 224. We factor p2” - 1 and check 
the inequality for every p < 224. 
(B) A more complex backtracking search. We start with the factor- 
ing of the number n into s factors and we check if n + 1 = ph for some 
prime p. Our methods produce identical results in the range 220 to 224, 
where some exceptions that meet the inequality of Theorem 1 are found. 
Furthermore, we use only this method, validated with its coincidence with 
A, in the range 224 to 228, where algorithm A becomes impossible to carry 
out, given the time it will take. Actually no exceptions are found in that 
range. 
We will list now all the p, m that are exceptions, in case anybody wants 
to prove the existence of a primitive quadratic of trace CI for any 01# 0 in 
GF(p”). In that case he will only need to do Step 2 for these p and m. 
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TABLE I 
Values for p and m That Satisfy Theorem 1 
m P P P m P P P 
11 911 
13 1021 
29 1091 
31 1231 
41 1259 
43 1289 
59 1291 
61 1301 
61 1427 
71 1429 
19 1481 
103 1483 
131 1559 
139 1591 
181 1609 
211 1709 
229 1721 
239 1741 
281 1847 
307 1861 
311 1871 
331 1931 
349 1973 
313 1979 
379 2003 
409 2029 
419 2069 
421 2089 
439 2129 
443 2131 
461 2141 
463 2221 
491 2243 
521 2281 
547 2311 
571 2381 
631 2437 
659 2521 
661 2531 
691 2551 
859 2729 
2731 1 
2851 1 
2861 1 
2927 1 
3011 1 
3037 1 
3067 1 
3109 1 
3121 1 
3191 1 
3541 1 
3571 1 
3739 1 
4003 1 
4421 1 
4523 1 
4691 1 
4759 1 
5219 1 
5641 1 
5741 1 
5851 1 
6709 1 
6733 1 
6911 1 
7069 1 
7309 1 
7411 1 
7481 1 
7589 1 
7591 1 
1789 1 
7853 1 
8009 1 
8059 1 
8161 2 
8581 2 
8741 2 
8779 3 
8969 4 
9029 
9043 
9283 
9349 
9461 
9491 
9547 
9619 
9859 
10429 
10711 
10739 
10789 
10949 
11059 
11131 
11311 
11593 
11621 
11731 
11779 
11831 
11971 
12211 
12409 
13399 
14281 
14629 
17291 
20021 
20747 
21319 
23561 
23869 
24119 
27259 
11 
13 
23 
11 
2 
27691 
30211 
34781 
35531 
36191 
38011 
38039 
40699 
41411 
41539 
42181 
42979 
44021 
44269 
44771 
45319 
46229 
46411 
46619 
47059 
47741 
48179 
48299 
48619 
49477 
49531 
49741 
49939 
50051 
53923 
55021 
53923 
55021 
55931 
56167 
43 
47 
56239 
77141 
81509 
102829 
106261 
147629 
14973 1 
154699 
167441 
174019 
181609 
183611 
188189 
195131 
197539 
197779 
203321 
216061 
216371 
223211 
225149 
227011 
242971 
609179 
614041 
620311 
647219 
650761 
684419 
749891 
786829 
865591 
3847271 
83 
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